The Lieb-Schultz-Mattis (LSM) theorem and its descendants represent a class of powerful no-go theorems that rule out any short-range-entangled (SRE) symmetric ground state irrespective of the specific Hamiltonian, based only on certain microscopic inputs such as symmetries and particle filling numbers. In this work, we introduce and prove a new class of LSM-type theorems, where any symmetry-allowed SRE ground state must be a symmetry-protected topological (SPT) phase with robust gapless edge states. The key ingredient is to replace the lattice translation symmetry in usual LSM theorems by magnetic translation symmetry. These theorems provide new insights into numerical models and experimental realizations of SPT phases in interacting bosons and fermions.
The Lieb-Schultz-Mattis (LSM) theorem [1] and its descendants [2] [3] [4] [5] [6] [7] are powerful theorems that dictate long-distance low-energy (infrared) properties of a lattice-translation-invariant system from its microscopic (ultraviolet) input, such as a global U (1) charge/spin conservation symmetry and the filling number per unit cell (u.c.). Irrespective of the microscopic Hamiltonian, remarkably, these generic ultraviolet inputs dictate that a lattice-translation-invariant ground state at a non-integer filling is either gapless (e.g. in metals), or spontaneous breaks the U (1) symmetry (e.g. in superconductors), or develops intrinsic topological orders [8] (e.g. in fractional quantum Hall states). In all cases, the system forbids a short-range-entangled (SRE) ground state [9] that preserves both global and lattice translation symmetries (e.g. a featureless Mott insulator without fractionalization). Since LSM theorems apply to a generic interacting system, they provide great insights in the study of quantum many-body systems beyond one spatial dimension (1d), which remains intractable in most analytic or numeric efforts.
While usual LSM theorems forbids a SRE symmetric ground state at fractional fillings, the interplay of symmetry and topology gives rise to a rich structure of SRE symmetric states, coined symmetry protected topological (SPT) phases [10, 11] . Characterized by protected edge/surface states, topological insulators and superconductors [12, 13] are the examples of SPT phases in non-interacting fermions. In spite of extensive theoretical studies, so far strongly-interacting SPT phases are still in lack of realizations beyond 1d spin chains [14, 15] .
In this work we intend to fill this gap by introducing and proving a new class of LSM theorems in TABLE I-II, whose SRE symmetric ground state must be a SPT phase. Focusing on two spatial dimensions (2d), we show that the key step is to replace the pure lattice translations in usual LSM theorem by magnetic translations [16] , with a rational φ = 2π p q flux piercing through each plaquette. We will always refer a unit cell (u.c.) as the original cell generated by Bravais lattice translations, in contrast to enlarged magnetic unit cell containing one flux quantum (or 2π flux). We show that a symmetric SRE ground state with proper degrees of freedom (d.o.f.) per u.c. (such as fractional fillingρ / ∈ Z) must be a SPT phase with protected edge modes. As will become clear later, a key idea is the charge-flux binding in SPT phases [17] .
LSM THEOREMS FOR FERMION SPT PHASES
Topological insulators (TIs) and topological superconductors (TSCs) are well-known examples of fermion SPT phases. In the Altland-Zirnbauer (AZ) 10-fold way of symmetry classes, nontrivial fermion SPT phases exist in 5 symmetry classes in each spatial dimension [18, 19] . In two spatial dimensions (2d), below we demonstrate that a LSM-type theorem favoring a SPT ground state exists for 4 AZ symmetry classes: i.e. class D, DIII, A and AII as summarized in TABLE I.
Symmetry class D describes superconductors with no symmetry, with a Z classification in 2d. Characterized by an integer-valued topological index ν ∈ Z, they host chiral Majorana edge modes with a chiral central charge c − = ν/2 [20] . The simplest ν = 1 SPT phase is the chiral p x + ip y superconductor of spinless (or spinpolarized) electrons in 2d. One significant property of a ν = odd topological superconductor is an odd number of Majorana zero modes (MZMs) localized at each superconducting vortex core [21] , robust against any perturbations. One MZM can be viewed as "half" of a fermion and it has been proven that a unique symmetric SRE ground state is not allowed in a translational invariant system with odd Majoranas per unit cell (u.c.) [22] . On the other hand, magnetic translations allow a SRE TSC ground state, as our theorem states: Theorem 1. For a generic interacting fermion system with an odd number of Majoranas per u.c., in the presence of magnetic translation symmetry [16] T 1T2T and gapped ground state on torus, it must be a ν = odd TSC in class D with chiral Majorana edge states.
Now that all ν = odd chiral TSC necessarily breaks time reversal symmetry, there is a no-go theorem as a straightforward corollary of theorem 1:
For a generic interacting fermion system with an odd number of Majoranas per u.c., in the presence of time reversal and magnetic translation symmetry (1) with φ = π, it is impossible to have a symmetry-preserving unique gapped ground state on torus.
We demonstrate Theorem 1 by a square lattice π-flux model with 1 Majorana γ r at each site r = (x, y), as illustrated in FIG. 1. Choosing a Landau gauge for magnetic translation algebra (1)
whereF r is the fermion number on site r, the nearest neighbor (NN) φ = π-flux Hamiltonian writeŝ
It's straightforward to identify two zero-energy Majorana cones at (k x , k y ) = (0, 0) and (0, π) related by magnetic translationT x in (2), and there is only one mass term mΓ 0 allowed byT x,y symmetries [23] , realized by e.g. next nearest-neighbor (NNN) hoppings between Majoranas ( see FIG. 1 ). In the usual band inversion story of TIs, opposite signs of mass m lead to a trivial insulator and a TI respectively. However for the Majorana cones in model (3), both signs of the mass term lead to a TSC in class D, whose topological index ν = Sgn(m) and chirality of edge modes depends on the mass sign. In FIG. 1 we show the chiral edge modes of such a symmetry-enforced TSC on square lattice. Symmetry class DIII describes time-reversalinvariant (TRI) superconductors, with a Z 2 classification in 2d. The TSC in class DIII is a triplet TRI p-wave superconductor [24] , a 2d analog of 3 He B phase. One of its defining character is one Kramers pair of MZMs {γ ↑ , γ ↓ } at each vortex core, stable against any timereversal-invariant perturbations. One can also prove a no-go theorem [23] that rules out any symmetric SRE ground state in a translational invariant system with an odd number of Majorana Kramers pairs {γ a,↑ , γ a,↓ |1 ≤ a < 2N } per u.c.. On the other hand, similar to class D, magnetic translation symmetry however allows a SRE TSC ground state:
Theorem 2. For a generic interacting fermion system with an odd number of Majorana Kramers pairs per u.c., in the presence of time reversal symmetryT 2 = (−1)F and magnetic translation symmetry (1) with φ = π flux per u.c., any unique symmetric and gapped ground state on torus must be a TSC in class DIII with helical Majorana edge states.
To demonstrate Theorem 2, we again consider a square lattice NN π-flux model with one Kramers pair {γ r,↑ , γ r,↓ } of Majoranas per site r:
straightforward to show that NN model (4) leads to two Dirac points at k = (0, 0) and (0, π), described by lowenergy Dirac Hamiltonian
where τ , µ and σ are Pauli matrices for sublattice (in a doubled magnetic cell), valley and spin indices. With the following symmetry operations on Dirac spinor Φ q :
There is only one symmetric mass term for Dirac Hamiltonian (5)Γ 0 = τ y µ z σ z , realized by e.g. TRI NNN couplings shown in FIG. 1 . Irrespective of the mass sign, the gapped Dirac Hamiltonian always leads to a TRI TSC with helical Majorana edge modes. Symmetry class A describes fermion insulators (or metals) with U (1) charge conservation symmetry, where lattice translation symmetry allows a well-defined filling numberρ f per u.c.. The SPT phases in class A corresponds to Chern insulators characterized by integervalued Hall conductance σ xy ∈ Z (in unit of e 2 /h) [29] . In the usual LSM theorem [1] [2] [3] with lattice translations, an insulating ground state without fractionalization is impossible at non-integer fillingsρ f / ∈ Z. However with 
Integer QHE in Hofstadter model φ flux per u.c. and associated magnetic translation symmetry (1), an unfractionalized SPT ground state becomes a possibility even at a fractional filling [30] . Specifically the Hall conductance σ xy is constrained by the following LSM theorem [30] :
Theorem 3. Consider a generic interacting fermion system preserving U (1) charge conservation and magnetic translation symmetry (1), with charge densityρ and flux density φ per u.c., if there is a unique symmetric and gapped ground state on torus, its Hall conductance σ xy satisfy the following condition:
In a special case, half-filled (ρ f = 1/2) fermions with φ = π must have an odd Hall conductance σ xy = 1 mod 2 for any unique gapped ground state, therefore forbidding a unique gapped TRI ground state. This is consistent with the well-known Dirac spectrum of NN π-flux model on square lattice [31] .
Symmetry class AII describes half-integer-spin fermions preserving U (1) charge conservation and time reversal symmetry T with T 2 = (−1)F . The SRE fermion phases are characterized by a Z 2 -valued index ν = 0, 1 where ν = 1 corresponds to a QSH insulator with protected helical edge modes. With lattice translation symmetry, an unfractionalized insulating ground state is only possible at even fermion fillingρ f ∈ 2Z [6] . Time reversal symmetry is only compatible with φ = π flux per u.c., and the associated magnetic translation symmetry (1) brings in a new possibility at an odd filling [28] :
Theorem 4. Consider a generic interacting fermion system preserving U (1) charge conservation, time reversal T 2 = (−1)F and magnetic translation symmetry (1), with fermion densityρ f = 1 mod 2 and φ = π flux per u.c., if there is a unique symmetric and gapped ground state on torus, it must be a QSH insulator.
LSM THEOREMS FOR BOSON SPT PHASES
While TIs and TSCs are realizable even in a system of non-interacting (free) fermions, in a boson system strong interactions are necessary to evade Bose-Einstein condensation and to achieve a gapped symmetric ground state. Among them, boson SPT phases with symmetry group G s are SRE symmetric ground states with G ssymmetry-protected edge/surface excitations. Below we present LSM theorems for various global symmetry G s (see TABLE II) containing U (1) ⊂ G s as a subgroup. We label the U (1) charge density per u.c. asρ.
One minor (notational) difference from fermions is that magnetic translation algebra (1) will be written in a more generic context:
where φ is the flux per u.c. associated with the U (1) symmetry. Similar to the TSC case, U (1) charge conservation is not required to define the above magnetic translation symmetry. Even if the U (1) group is broken down to a discrete Z q subgroup generated byR q ≡ e i 2π qN , a flux of φ = 2πp q (with p, q ∈ Z) is still well-defined in (7) . Boson integer quantum Hall (QIHE) states: In a simplest case we consider a boson system with G s = U (1). The associated boson SPT phases are BIQH states, characterized by an even Hall conductance σ xy ∈ 2Z (in unti of 1/h where unit charge is set to 1). Analogous to symmetry class A of fermions, the usual LSM theorem forbids a unique gapped ground state at any non-integer fillingρ / ∈ Z with lattice translation symmetry. In the presence of magnetic translation (7), a SPT ground state with σ xy = 0 becomes possible even at a fractional filling. Specifically, the LSM theorem for interacting bosons with G s = U (1) symmetry has the same form as Theorem 3 for fermions, also yielding the constraint (6) .
For any rational flux density φ = 2π 
, SRE symmetric boson states are classified by a Z 2 -valued index ν = 0, 1, where ν = 1 corresponds to the nontrivial BQSH state [32] . In addition to protected edge states [32] there is another defining character for BQSH states: each π flux in the bulk is bound to a Kramers doublet transformed as T 2 = −1 [17] . A half-integer spin is an example of a Kramers doublet in contrast to an integer spin. If there is an odd number of Kramers doublets per u.c., usual LSM theorems with lattice translation symmetry forbids any SRE symmetric ground state [6] . In the presence of magnetic translation (7) with TRI φ = π flux per u.c., however, a BQSH ground state with an odd number of Kramers doublets per u.c. becomes possible:
Theorem 5. Consider a generic interacting boson system preserving U (1) charge conservation, time reversal T and magnetic translation symmetry (7), with charge densityρ ∈ Z, flux density φ = π and an odd number of Kramers doublets (e.g. spin-1/2's with T 2 = −1) per u.c., if there is a unique symmetric and gapped ground state on torus, it must be a BQSH state.
The boson system in Theorem 5 consists of two parts: charged bosons that transform as Kramers singlets (T 2 = +1), and half-integer spins that transform as Kramers doublets (T 2 = −1). Therefore the π flux per u.c. is only visible to charge d.o.f. but not to spins. In fact, the U (1) symmetry above can be broken down to a discrete Z 2 subgroup, resulting in a symmetry group
classification [10, 32] , where one Z 2 index (ν T in TABLE II) comes from the binding of each π flux to a Kramers doublet [17] . Although the charge will no longer conserve with G s = Z 2 ×Z T 2 , the π flux per u.c. is still well-defined and our LSM states that any unique gapped ground state on torus with an odd number of Kramers doublets per u.c. must be a SPT state where a π flux is bound to a Kramers doublet [23] .
Two-component BIQH states: For a twocomponent system with two species of conserved bosons,
2 × Z classification of SRE symmetric states. They are characterized by a (real symmetric) 2 × 2 Hall conductance tensor σ α,β xy , α, β = A, B. While the intra-species Hall conductance σ A xy , σ B xy ∈ 2Z must be even integers, the inter-species Hall conductance σ AB xy = σ BA xy ∈ Z can take any integer value. The magnetic translation symmetry here is defined by two flux φ A and φ B for the two components:T
Our LSM theorem states the following: 
This can be viewed as a generalization of Theorem (3) with G s = U (1), and can be further generalized to a multi-component system. At any fractional filling i.e. ρ A,B / ∈ Z, the Hall conductance tensor cannot vanish identically, leading to a SPT ground state. Furthermore, one of the two U (1) symmetries here can be broken down to a Z q subgroup, as we discuss below.
Two-component magnets: In a two-component magnetic system where species A has a U (1) conservation (e.g. ofẑ-component spin) and species B with only a discrete Z q symmetry, the global symmetry
2 classification of 2d SPT phases [10] . Compared to previous G s = U (1) A × U (1) B case, while σ A xy ∈ 2Z still serves as a valid topological index with U (1) A symmetry, σ AB xy = σ BA xy and σ B xy are only well-defined modular q once U (1) B is broken down to (Z q ) B , yield two Z q -valued indices:
mod 2q.
Our LSM theorem for this case reads the following:
Consider a generic interacting twocomponent (A and B) spin system with global symmetry 
Now that σ A xy is an even integer, by choosing flux φ A = 0, π condition (10) immediately leads to p · ν AB = qρ A mod q as shown in TABLE II. This indicates any SRE symmetric ground state at fractional fillingρ A / ∈ Z must be a SPT state with ν AB = 0 mod q.
PHYSICAL PICTURE AND SKETCH OF PROOF
What are the basic ideas behind these LSM theorems for SPT phases? Given the global and lattice translation symmetries, the usual LSM theorems dictate the "integer filling" (per u.c.) conditions on the Hilbert space that allow a symmetric SRE ground state: e.g. integer fillingρ per u.c. for conserved U (1) charges [1] [2] [3] , an even number of Kramers doublets per u.c. for TRI systems [6] , and an even number of Majorana fermions per u.c. for superconductors [22] . When pure lattice translations are replaced by magnetic translations, there is an additional "background flux" in each u.c., in addition to "bare" symmetry charges (the "filling number"). A key feature of many SPT phases is the binding of a "fractionalized" symmetry charge to a symmetry flux [33] : e.g. chargeflux binding in quantum Hall states, the binding of a Kramers doublet to each π-flux in QSH states [34, 35] , and the binding of a MZM to each π flux in a chiral TSC [21] . For SPT states with magnetic translation symmetries, a "background polarization charge" comes together with the background flux, leading to an total symmetry charge different from the "bare" symmetry charges. This explains why a SPT ground state at fractional filling evades the usual LSM theorem requiring integer fillings, with the help of magnetic translations.
Take G s = U (1) as an example, with bare symmetry chargeρ and background polarization charge −σ xy φ 2π , the "total charge" per u.c. ρ total =ρ − σ xy φ 2π must be an integer as dictated by the usual LSM theorem. This is exactly the condition (6) in Theorem 3.
This simple physical picture not only provides a generic construction of these LSM theorems, but also leads to their proofs. Below we only sketch the proofs, leaving details to supplemental materials. Consider a many-body system on a L x × L y torus (or an infinitely-long cylinder, periodic alongŷ direction with a finite circumference L y ). In the presence of magnetic translation symmetry (1) or (7) with φ flux per u.c., we choose a circumference L y satisfying φL y = 0 mod 2π: e.g. for φ = π flux we choose L y = odd. In the Landau gauge (2) with pure lattice translation symmetryT y = T y alongŷ direction, clearly the boundary condition alongŷ direction changes with the coordinate x (hence no well-defined magnetic translationT x ). Specifically theŷ-direction boundary condition Θ y of a many-body state |Ψ(Θ y ) with wavefunctions Ψ(X 1 , X 2 , · · · ) can be defined as [36] (X i ≡ (x i , y i ) are coordinates of i-th particle)
Equivalently it can be written as e i LyK 1 y |Ψ(Θ y ) = e i Θy |Ψ(Θ y ) , whereK 1 is the momentum of one single particle. Although magnetic translationT x is absent on the torus/cylinder of chosen size L y , the change of boundary condition Θ y upon pure lattice translation xT x → x + 1 leads to an important condition:
which imposes a strong constraint on any gapped and symmetric ground state on this torus/cylinder. Take G s = U (1) (Thm. 3) for example, a SRE insulator can be characterized by a well-defined polarization [37, 38 ]P x ≡ e 2π Lx r xnr wheren r labels the U (1) charge on lattice site r. Due to the non-commutative algebraic relationT xPxT
x , condition (12) implies the change of ground state polarization P x upon twisting boundary condition (11):
Since polarization is physically the "center of mass" of all charges, its change indicates pumping of a charge L yρ upon insertion of flux φL y (and hence change of boundary condition). This is a direct evidence for nontrivial Hall conductance σ xy = 0 in the gapped ground state. Similar arguments apply to Thm. 6-7 as well.
Generally with global symmetry G s , the change of "generalized polarization" under translationT x must be compatible with the pumping of "generalized symmetry charges" upon flux insertion (i.e. boundary condition twist). This implies a symmetric SRE ground state must be a SPT phase with certain (generalized) flux-charge binding. For instance in fermion symmetry class D (Thm. 1), we consider "fermion parity polarization" which is nothing but the total fermion parity (−1)F on L y = odd torus: it changes sign by either translationT x . The only compatible SRE ground state is a ν = odd chiral TSC in class D, such as spinless p x + ip y superconductor [21] , whose fermion parity changes upon switching between periodic and antiperiodic boundary conditions. In other examples with time reversal symmetry (Thm. [4] [5] and an odd number of Kramers doublets in each u.c., one can observe the change of "time reversal polarization" [39] under translationT x : it is detected by the presence/absence of Kramers pairs in entanglement spectra [6, 40] at different entanglement cuts related byT x (e.g.x andx + 1 in FIG. 1) . This implies the pumping of one Kramers doublet by switching between periodic and antiperiodic boundary conditions (φL y = π mod 2π), only compatible with a QSH ground state [39, 41] . All theorems in TA-BLE I-II can be proven following this line of thoughts [23] . 
APPLICATIONS

Majorana vortex lattice:
The simplest application of Thm. 1 (fermions in symmetry class D) is the vortex lattice of a 2d chiral p-wave TSC [21] , or of a 3d TIsuperconductor heterostructure [42] . In both cases there is a single MZM in each vortex core. Magnetic translation symmetry also naturally emerges in a vortex lattice.
As shown in Ref. [26] , on a Majorana vortex lattice whose plaquette is a polygon of n vortices, there is a (n π 2 − π) flux per plaquette in a Majorana hopping model between the vortices. Therefore on both triangular (n = 3) and square (n = 4) lattice, there is only one Majorana fermion per u.c. whose tunneling amplitudes preserve magnetic translation (1) with a flux density of φ = π. According to Thm. 1, any unique gapped ground state of the Majoranas must be a ν = odd TSC with chiral Majorana edge modes. This is precisely the case for a triangular vortex lattice, as shown in FIG. 2 .
Quantum spin liquids [43] provide another platform to realize magnetic translation of fermionic spinons with an emergent gauge flux of φ = π per u.c. [31] . On square lattice, Lieb's theorem [44] dictates a π-flux per square plaquette in lowest-energy spinon ground state, in the presence of particle-hole symmetry.
One well-known example is the U (1) Dirac spin liquid in square-lattice large-N Heisenberg model [31] , where Nflavor fermionic spinons at half filling (ρ = 1 2 for each flavor) hop in the background of φ = π flux per plaquette. According to Thm. 3, gapping out the Dirac spectrum of the U (1) spin liquid without breaking translation symmetry will result in an odd Chern number σ xy = 1 mod 2, corresponding to a chiral spin liquid [45, 46] in the context of a spin system.
Another example is in Kitaev-type Z 2 spin liquids [20] , where fermionic spinons form a "superconductor" and they can see a background Z 2 gauge flux of φ = 0, π. Due to particle-hole symmetry in superconductors, Lieb's theorem [44] again applies and points to a π-flux ground state on square lattice. Ref. [27] introduces such a NN square-lattice model, where one Kramers pair of Majorana spinons {γ r,↑ , γ r,↓ } per site r hops under an emergent φ = π flux as described in (4). According to Thm. 2, gapping out the Dirac spinon spectrum of NN model (13) while preserving translation symmetry must lead to a TSC of Majorana spinons: as realized by 3-spin interactions involving NNNs [27] .
BIQH states [32, 47] are also important applications of LSM theorems in TABLE II. In Hofstadter models [48] of bosons hopping in a magnetic field of φ flux per u.c., the Hall conductance of a unfractionalized insulator ground state must satisfy relation (6) for one-component bosons, or relation (9) for two-component bosons. Hence we can use LSM theorems to choose proper boson fillings that enforces a BIQH ground state.
One example is the correlated hopping model of halffilled bosons on honeycomb lattice introduced in Ref. [49] . With only hoppings within the same sublattice, there are two U (1) conservation laws (one on each sublattice) with ρ A =ρ B = 1 2 , and in the presence of φ A = φ B = π flux we must have σ AB xy = 1 mod 2 for a unique gapped ground state, as dictated by Thm. 6. Indeed this is the SPT state observed in numerical studies of Ref. [49] .
DISCUSSIONS
In this work we introduce and prove a new class of LSM theorems in 2d, which relies on magnetic translation symmetries in contrast to the usual LSM theorems with pure lattice translations. While no symmetric SRE ground states is allowed in usual LSM theorems, our theorems imply that a symmetric SRE ground state at fractional filling must belong to a SPT phase with protected edge modes. As summarized in TABLE I-(II), our LSM theorems apply to many different physical systems with various global symmetries. They will serve as useful guidance to construct realistic models of interacting (especially bosonic) SPT phases, and to future experimental realizations of SPT phases. While the current work focuses on 2d systems with magnetic translation symmetries, it will be interesting to generalize these ideas to other magnetic space group symmetries and to higher spatial dimensions such as 3d, which we leave for future work.
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Supplemental Materials
Proofs of LSM theorems for free fermions
Symmetry class D
Majorana hopping model (3) on square lattice
With only nearest neighbor hoppings on square lattice, the π-flux model with one Majorana γ r per site r writeŝ
where we define 2-component spinor
and τ are Pauli matrices for the sublattice index in a doubled magnetic unit cell (u.c.). Clearly the dispersion vanishes at two Majorana cones (two "valleys") at (k x , k y ) = (0, 0) and (0, π). A mode expansion around these Majorana cones leads to 4-component spinorĤ
where µ are Pauli matrices for the valley index. Under magnetic translations the Majoranas transform as
Therefore the 4-component low-energy spinor transforms as
It's straightforward to see that among all possible mass terms τ y µ 0,x,z and τ z µ y to Dirac Hamiltonian (15), the only mass that preserves magnetic translation {T x , T y } iŝ
This symmetric mass drives the system into a spinless p x ± ip y TSC, whose chirality ν = Sgn(m) depends on the sign of the mass term. This mass term can be realized by next nearest neighbor (diagonal) hoppings that preserve magnetic translations.
Proof of Theorem 1 for free fermions
For a generic free-fermion system with an odd number of Majoranas per u.c., one can go beyond perturbing around nearest neighbor model (13) , and prove Theorem 1 non-perturbatively. In particular, the momentum-space spinor φ k transforms under magnetic translations as
Generically a gapped 2d superconductor in class D can be diagonalized aŝ
where W k is a unitary matrix representing the Bloch wavefunction at momentum k. As shown in Ref. [50] [51] [52] , the parity of topological index ν for a 2d superconductor in class D is given by
where Pf(ĥ) denotes the Pfaffian of antisymmetric matrixĥ. Here Q = −Q represents the 4 time reversal invariant momenta (TRIM) i.e. (0, 0), (0, π), (π, 0) and (π, π). Meanwhile magnetic translation symmetry (21) dictates that
and hence we have (notice that det W Q = ±1 for any TRIM Q)
Therefore we have proven that ν=odd for any gapped superconductor i.e. Theorem 1 for any free-fermion system.
Symmetry class DIII
For simplicity, we consider a π-flux model on square lattice, with an N f = odd number of Kramers pairs {γ a r,↑ , γ a r,↓ |1 ≤ a ≤ N f } per u.c. r. We can therefore define an odd number of complex fermions per u.c.:
Under time reversal symmetry (TRS) each complex fermion transforms as a Kramers doublet
where τ are Pauli matrices for the Nambu indices. Meanwhile, clearly there is also a particle-hole symmetry (PHS) for the Nambu spinor
In this Nambu basis, the BdG Hamilotnian for superconductors is mapped to a Bloch Hamilotnian for band insulators, where the above PHS is essentially a half-filling condition (N f particles per u.c.) for the "band insulator". In the meantime, TRS (27) is implemented as
In the presence of magnetic translational symmetry with π-flux per u.c., a magnetic u.c. consists of 2 u.c. and the Bloch spinor in momentum space is defined as
Under PHS and TRS it transforms as
Meanwhile under magnetic translations in the Landau gaugẽ
the "Bloch" spinor Ψ k transforms as
Clearly the magnetic translationT x shifts the k y component by π. We use Pauli matrices µ for sublattice index, and τ for the Nambu index.
As shown in Ref. [39, 53] , the Z 2 -valued bulk invariants of topological superconductors in symmetry class DIII is quite similar to the QSHE in symmetry class AII [39] , given by the "time reversal polarization"
In particular, the time reversal polarization is given by [39] (−1)
We define the Berry connection for all filled bands
and the anti-symmetric "time reversal" matrix
In our case with magnetic translational symmetry (33), it's straightforward to show that
Note that one can always choose a (smooth) gauge so that time reversal symmetry (31) leads to
at the four TRIM Q = −Q. Therefore the Pfaffians in (35) cancels out each other, and the Z 2 -valued invariant is simply given by
As a result, we have shown that a gapped superconducting ground state can only be a ν = −1 topological superconductor in symmetry class DIII, if we have N f = odd Kramers pairs of Majorana fermions per u.c..
Symmetry class AII and A
Symmetry class AII corresponds to topological insulators, with a Z 2 classification in 2d associated with quantum spin Hall effects. Its bulk topological invariant is also given by time reversal polarization [39] in (34)- (35) . In the presence of magnetic translation symmetry (33) with π-flux per u.c., the bulk invariant can be computed in complete parallel to previous case of class DIII. One can similarly prove that ν = (−1)ρ f when there isρ f spin-1/2 fermions per u.c.. Therefore a gapped ground state can only be a quantum spin Hall insulator with ν = −1, at half-filling with ρ f = odd.
In the case insulators (symmetry class A) with φ flux andρ f fermions per u.c., the theorem
was proved in the context of free fermion band theory [54] . In the special case of φ = 2π/q andρ f = p/q, it reduces to the formula
Proofs of LSM theorems for interacting systems
Without loss of generality, we always consider a square lattice for simplicity. In the case of square lattice, each u.c. consists of just one site, therefore we also refer it to a site in proper context. We will always choose Landau gauge for simplicity, where translation alongŷ direction is the pure crystal translation T y , while alongx direction there is a magnetic translationT x . Our proofs however do not depend on the lattice geometry, as long as magnetic translation symmetries are preserved.
Fermion: Symmetry class D
Consider a generic interacting system with N γ = odd Majorana fermions {γ r,a |1 ≤ a ≤ N γ } per site r on a L x × L y torus, where L y = odd and L x = even. On such a L y = odd torus, although translation T y is still intact, the magnetic translationT x in (16) is in fact broken. As shown in FIG. 1 , in contrast to periodic boundary condition alongx direction, the boundary condition alongŷ direction will switch between periodic and antiperiodic in different columns. If we translate the torus alongx direction by one u.c., the boundary condition alongŷ direction will be twisted by a phase factor of e i π = −1. In other words, denoting a ground state |Ψ with boundary condition e i Θy :
as |Ψ(Θ y ) , we haveT
where φL y = π mod 2π here. Note that with L y N γ = odd Majorana fermions per column of the torus, the crystal translation T x plays the role of a supersymmetry [22] which changes fermion parity (−1)F :
Therefore the two ground states in (44) related by switching periodic/antiperiodic boundary conditions will have opposite fermion parities if N γ = odd:
In symmetry class D, all superconductors are classified by an integer index ν ∈ Z. Among them, ν = odd topological superconductors (e.g. spinless p x + i p y superconductor has ν = 1) are distinguished from ν = even ones with 3 sharp features [20, 21, 55] : (i) an odd number of chiral Majorana modes on an open boundary, with half-integer-valued chiral central charge c − = ν/2; (ii) one robust Majorana zero mode in each vortex (i.e. π flux) core; (iii) change of fermion parity if the boundary condition along one direction (ŷ-direction in our case) is switched from periodic to anti-periodic.
The last feature (iii) i.e. change of fermion parity upon twisting boundary condition along one (sayŷ) direction can be intuitively understood as the following, by making a connection to the well-known feature (ii) i.e. a single Majorana zero mode trapped at each π flux. Twisting boundary condition alongŷ direction is equivalent as dragging a π flux across the whole system alongx direction. Now that a Majorana bound state is localized around each π flux in a ν = odd topological superconductor, bringing this single Majorana fermion across the system will necessarily change the fermion parity [22, 50] .
Therefore in our case with magnetic translation symmetry, as dictated by condition (46) with L y = odd, the only unique gapped ground state compatible with feature (iii) must be a ν = odd topological superconductor. This proves the LSM theorem for class D.
Fermion: Symmetry class DIII
A no-go theorem for translational symmetric system Before proving our LSM theorem with magnetic translation symmetries, we first prove a related theorem for a system with the usual crystal translation symmetry. The no-go theorem states the following:
Theorem 8. For a generic interacting fermion system with a N f = odd number of Kramers pairs of Majoranas {γ r,a,σ |σ =↑ / ↓, 1 ≤ a ≤ N f } per u.c. r, there is no unique gapped ground state that preserves both translations and time reversal symmetry.
The proof of the theorem is simple. With crystal translational symmetry, we are allowed to put the many-body system on any periodic lattice [2] , and we choose a L x × L y torus where both lengths are odd:
Notice that under time reversal symmetry, the Majorana fermions transform as Kramers doublets
and therefore
Note that the total fermion parity is given by
Therefore the fermion parity and time reversal symmetry satisfy the following algebra
This means on a odd by odd torus, time reversal symmetry T serves as a supersymmetry [24] that changes the fermion parity. Since time reversal and fermion parity anticommutes with each other, they cannot be both preserved in a unique symmetric ground state. Therefore we have proved the no-go theorem.
As a result, the symmetry character of Schmidt eigenstates (57) at cutx + 1 have a symmetry character
Comparing (61) and (58), we can see that after twisting boundary condition alongŷ direction, for the same entanglement cut atx + 1, the entanglement spectrum of a ground state |Ψ(Θ y + πL y ) with twisted boundary condition has different symmetry character T (−1)F T −1 (−1)F = e i Φx , as compared to the original ground state |Ψ(Θ y ) whose entanglement spectrum has symmetry character T (−1)F T −1 (−1)F = e i Φx+1 = −e i Φx . What kind of symmetric SRE ground state is compatible with the change of Schmidt eigenstate symmetry character upon twisting boundary condition? As discussed in the case of class D, twisting the boundary condition alongŷ direction can be viewed as dragging a π flux across the cylinder alongx direction. In symmetry class DIII, there are two classes (ν ∈ Z 2 classification) of time-reversal-symmetric (TRS) SRE superconductors: the trivial one with ν = 0 and the topological superconductor with ν = 1. While the π flux in a trivial superconductor has no stalbe low-energy bound states, the π flux in a 2d topological superconductor features a zero-energy Majorana Kramers pair [24] {γ ↑ , γ ↓ }. Therefore, dragging a π-flux across the cylinder alongx direction will also move this Kramers pair of Majoranas across the entanglement cut (atx + 1). Now that T (−1)F T −1 (−1)F = −1 when acting on an odd number of Majorana Kramers pairs, the symmetry character of entanglement spectrum will be switched by twisting boundary condition in such a topological superconductor. Therefore in the presence of magnetic translation with π flux per u.c., the only TRS SRE compatible with the above entanglement spectrum symmetry character is the ν = 1 topological superconductor. This proves the LSM theorem for symmetry class DIII.
In the presence of a global U (1) symmetry, an insulating ground state |Ψ on a L x × L y torus can be characterized by its polarizationP x ≡ e 2π Lx r xnr (andP y can be defined similarly), wheren r is the U (1) charge on lattice site r [37, 38, 57] . Physically the polarization describes the center of mass of all U (1) charges. In contrast to metals with no well-defined polarization i.e. Ψ|P α |Ψ = 0, insulators generally have a non-vanishing complex expectation value of each polarization componentP x andP y .
Similar to previous cases, the boundary condition alongŷ direction generally changes on different columns of the torus. As a result, pure lattice translationT x can twist theŷ-direction boundary condition as shown in 44. Meanwhile if there is a unique symmetric ground state separated from excitation states by a finite energy gap, one can adiabatically insert flux through the hole alongx direction without closing the gap, andŷ-direction boundary condition can be adiabatically twisted in this flux insertion process:
where φ 0 is an unimportant phase factor, and F y (φL y ) is the adiabatic φL y -flux insertion operator. Therefore according to (44) and (62), the system on a L x × L y torus has an emergent symmetry in the unique gapped ground state:
if we choose Landau gauge (i.e. preserving lattice translationT y ≡ T y ) for the magnetic translation algebra (7) and (8) . Now that the insulator ground state has a non-vanishing expectation value for polarizationP x , the emergent symmetry operation (63) must preserve the polarization operatorP x [30] .
In the presence of two U (1) charge conservation symmetries G s = U (1) A × U (1) B , we have a more complicated magnetic translation algebra (8) . There are also two polarization operatorsP 
Therefore both polarizations P 
and by requiring [P α x , T x ] = 0 we can immediately obtain relation (9). Therefore we have proved Thm. 6.
Clearly, G s = U (1) is a special case of the above discussions, and one can easily prove relation (6) and Thm. 3 by requiring T x in (63) commutes with polarization P x . This is studied in detail in Ref. [30] . Notice that in all discussions, we have not involve the statistics of microscopic particles, therefore the conclusions apply to interacting bosons and/or fermions. 
Symmetry group
The polarization P A x has the following dependence onŷ-direction boundary conditions: Now that twistingŷ-direction boundary condition can be achieved by flux insertions through the hole alongx-direction, we immediately reach the relation (10). Therefore we have proven Thm. 7.
Symmetry group Gs = U (1) Z T 2 and Gs = Z2 × Z T 2
We first consider a boson system with symmetry group G s = U (1) Z T 2 , consisting of two parts: (i) integer-spin U (1)-charged bosons transformed as Kramers singlest (T 2 = +1), and (ii) charge-neutral half-integer spin moments (T 2 = −1). As stated in Thm. 5, we consider an odd number of half-integer spins together with φ = π flux of U (1) symmetry in each unit cell. On a circumference-L y cylinder which is infinitely long alongx direction and wrapped around alongŷ-direction, we consider a unique gapped ground state |Ψ(Θ y ) where Θ y ∈ [0, 2π) denotes the boundary condition (11) alongŷ direction. Again the relation (44) holds on this infinite cylinder, imposing strong constraints on the ground state properties.
Similar to the proofs of Thm. 2, we again consider the Schmidt decompositions of two states |Ψ(Θ y ) and |Ψ(Θ y + πL y ) at the same entanglement cutx + 1. General relations (52) and (54)- (57) still holds in this case, while the symmetry characters of the Schmidt eigenstates in this case becomes:
T 2 |α, Θ y + πL y x+1,L = e i Φx |α, Θ y + πL y x+1,L , e i Φx = ±1, ∀ α,
T 2 |β, Θ y x+1,L = e i Φx+1 |β, Θ y + πL y x+1,L , e i Φx+1 = ±1, ∀ β.
Again due to relation (59) and the fact T 2 |p x0 = (−1) Ly |p x0 , ∀ p.
we can easily show that e i Φx+1 = e i (Φx+π) , if L y = 1 mod 2.
Therefore on a L y = odd cylinder, the T 2 = ±1 symmetry character of Schmidt eigenstates of ground state |Ψ(Θ y ) at entanglement cut atx + 1 changes sign when boundary condition Θ y is changed by π. This indicates the pumping of one Kramers doublet across the cylinder as induced by the π flux insertion, which is only compatible with a BQSH state where π flux is bound to a Kramers doublet. Therefore we have prove Thm. 5.
